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We propose a scheme to significantly increase quadratic optomechanical couplings of optomechan-
ical systems with the help of a nonlinear medium and two driving lasers. The nonlinear medium
is driven by one laser and the optical cavity mode is driven by a strong laser. We derive an effec-
tive Hamiltonian using squeezing transformation and rotating wave approximation. The effective
quadratic optomechanical coupling strength can be larger than the decay rate of the cavity mode
by adjusting the two optical driving fields. The thermal noise of squeezed cavity mode can be
suppressed totally with the help of a squeezed vacuum field. Then, a driving field is applied to the
mechanical mode. We investigate the equal-time second-order correlations and find there are pho-
ton, phonon, and photon-phonon blockades even when the original single-photon quadratic coupling
is much smaller than the decay rate of the optical mode. In addition, the sub-Poissonian window
of the two-time second-order correlations can be controlled by the mechanical driving field. Finally,
we show the squeezing and entanglement of the model could be tuned by the driving fields of the
nonlinear medium and mechanical mode.
PACS numbers: 42.50.-p, 42.50.Pq, 03.65.Ud
I. INTRODUCTION
In recent years, considerable efforts have been devoted
to the study of optomechanical systems since they have
a wide range of applications including highly sensitive
measurement of tiny displacement, creation of nonclas-
sical states of light and mechanical motion, and quan-
tum information processing [1–5]. Single-photon emit-
ters play an important role in quantum information pro-
cessing [1–3]. In experiments, single-photon emitters are
usually implemented by the so-called “photon blockade”
effect [1]. The interactions between the cavity mode and
mechanical mode changes the energy spectrum of the
system and an anharmonic ladder in energy spectrum
is formed. Thus, the first photon in an optomechanical
system blocks the transmission of a second photon.
A typical quantum cavity optomechanical system is
consisted of a movable mirror and an optical cavity where
the radiation pressure is nonlinear. In order to enter
the quantum nonlinear region, the single-photon coupling
strength g0 should be comparable to the decay rate of the
cavity mode κ and the frequency of the mechanical mode
ωm [6]. Unfortunately, the single-photon coupling con-
stant g0 is, in general, much smaller than the decay rate
of cavity κ and the mechanical mode frequency ωm [1–3].
Therefore, it is highly desirable to propose schemes to en-
hance the coupling strength in current experiments. One
way to enhance the optomechanical coupling constant is
to apply a strong coherent field on the cavity mode [7–
13]. However, the coupling constant is still much smaller
than the frequency of the mechanical mode.
Recently, the “unconventional photon blockade”
∗Electronic address: aixichen@zstu.edu.cn
(UPB) scheme was proposed by Liew and Savona [14].
In the UPB scheme, there is photon blockade effect even
when the nonlinear energy shifts and driving field are
both small due to the quantum interferences between
different excitation pathways. However, there is one ob-
stacle in the original UPB scheme. The large coupling
induced by a weak nonlinearity makes the second-order
correlations oscillate rapidly [14–19]. The single-photon
regime is defined by g(2)(τ) < 0.5 with g(2)(τ) being the
delayed two-photon correlation function [18]. In the orig-
inal UPB, in order to enter the single-photon regime, the
delayed time τ should be smaller than the cavity lifetime
1/κ, i.e., τ < 1/κ. Thus, it is difficult to enter the single-
photon regime in experiments since the sub-Poissionian
window of the UPB scheme is very small. This obstacle
can be overcome by employing a mutual driving of the
modes and a mixing of the output [19]. Here, we over-
come this obstacle by using a mechanical driving field as
we shall see in next section.
The influence of nonlinear media on the dynamics of
optomechanical systems was extensively investigated[20–
25]. The movable mirror of an optomechanical system
can be efficiently cooled to about millikelvin temperature
with the help of the nonlinear medium [22]. The normal
mode splitting, cooling, and entanglement in optome-
chanical systems can be tuned by the nonlinear medium
[24]. In Ref. [25], the authors have studied the nonlinear
interaction of a mechanical mode and a squeezed cav-
ity mode in optomechanics with nonlinear media. They
found that the effective coupling strength of optomechan-
ical systems can be about three orders of the magnitude
larger than the original single-photon coupling strength.
Thus, the nonlinear interaction between the optical cav-
ity mode and mechanical mode can be significantly en-
hanced by employing the nonlinear media and driving
field [25].
2Generally, one can classify the optomechanical cou-
plings into two classes. One is the linear coupling class
where the coupling strength is proportional to q with q
being the displacement of the mechanical oscillator. The
other is the quadratic coupling class where the coupling
strength is proportional to q2. We would like to point out
that the scheme proposed in Ref. [25] is used to enhance
the coupling strength of linear optomechanics. In partic-
ular, a mechanical driving field is introduced to cancel
the force induced by the parametric amplification in de-
riving the effective Hamiltonian of Eq.(2) in Ref. [25].
Consequently, the mechanical driving field disappears in
the effective Hamiltonian.
Many efforts have been invested in the single-photon
strong-coupling regime of linear optomechanics both the-
oretically [26–36] and experimentally [37–40]. In recent
years, much attention has been paid to the study of
quadratic optomechanical systems [41–53]. A few meth-
ods have been suggested to enhance the quadratic cou-
pling strength of optomechanical systems [54–56]. In Ref.
[54], a measurement-based method was proposed to select
linear or quadratic optomechanical coupling and obtain
an effective quadratic optomechanics. It has been demon-
strated experimentally that the quadratic coupling con-
stant can be remarkably increased by using a fiber cavity
[55]. Very recently, the authors of Ref. [56] proposed a
scheme to enhance photon-phonon cross-Kerr nonlinear-
ity via two-photon driving fields.
In the present paper, we propose a scheme to signifi-
cantly enhance the quadratic coupling strength via non-
linear media and two lasers. The nonlinear media are put
into the cavity optomechanics system and pumped by
a laser which is an optical parametric amplifier (OPA).
The optical cavity is driven by another strong driving
field. Using the squeezing transformation, the Hamil-
tonian of the system can be transferred to a standard
optomechanical system with quadratic coupling. Differ-
ent from the linear coupling case, the parametric ampli-
fication changes the frequency of the mechanical mode
in the quadratic optomechanics. Therefore, it is not
necessary to introduce a mechanical driving field in the
derivation of the Hamiltonian corresponding to the stan-
dard quadratic optomechanical system (see the next sec-
tion for more details). The total amplification of the
quadratic coupling strength depends on two factors. One
is the strong optical driving field used to improve the
quadratic coupling strength between the optical mode
and mechanical mode effectively. The other is the OPA
which can also increase the quadratic coupling constant.
Furthermore, the total amplification is the product of
the two factors mentioned above. Thus, the effective cou-
pling strength can be significantly increased with the help
of nonlinear medium and two driving lasers.
Then, we study the photon blockade, phonon blockade,
photon-phonon blockade, squeezing, and entanglement in
the present model by applying a mechanical driving field.
We find the photon blockade and phonon blockade can
be observed in the same parameter regime. The sub-
Poissonian window of the two-time second-order correla-
tions can be controlled by the mechanical driving field
and the delayed time τ could be much larger than the
lifetime of the cavity 1/κ. This is very important in ex-
periments. The squeezing of the optical and mechanical
modes can also be tuned by the driving fields. In or-
der to investigate the entanglement of the system, we
adopt criteria introduced by Duan et al. and Hillery and
Zubairy. Our results show that Duan’s criterion is not
able to detect the entanglement of the optical and me-
chanical modes while the Hillery-Zubairy criterion is able
to detect the entanglement in the present model. There is
stationary entanglement between optical and mechanical
modes which can be controlled by the driving fields.
The organization of this paper is as follows. In Sec.
II, we introduce the model and derive an effective Hamil-
tonian using the squeezing transformation and rotating
wave approximation. In Sec. III, we discuss the effects
of the nonlinear media and driving fields on the second-
order correlations of the present model. In Sec. IV,
we investigate the influence of nonlinear media on the
squeezing of the quadratic optomechanics. In Sec. V,
the entanglement of the model is investigated by using
the criteria introduced by et al. and Hillery and Zubairy.
In Sec. VI, we summarize our results.
II. MODEL AND HAMILTONIAN
A. Hamiltonian
A Fabry-Perot cavity is formed by two mirrors within
a thermal bath. One mirror is partially transparent and
the other mirror is perfectly reflecting. A thin partially
reflecting membrane is put into the optical cavity. Then,
a nonlinear medium is also put into the cavity and is
pumped by a field with driving frequency 2ωL, amplitude
λ/2, and phase φL. In the present work, we consider a
quadratic optomechanical system where an optical mode
is quadratically coupled to a mechanical mode. This kind
of coupling can be found in cavities with a membrane-in-
the-middle system [22, 48–51] and other optomechanical
systems [1, 2]. The Hamiltonian of the system is (~ = 1)
[22, 48–51]
H0 = HC +Hm +HI , (1)
Hc = ωcA
†A+
λ
2
(e−2iωLt−iφLA†2 + e2iωLt+iφLA2), (2)
Hm =
ωm
2
(Q2 + P 2) = ωmB
†B, (3)
HI = 2g0A
†AQ2 = g0A
†A(B† +B)2, (4)
where A and A† are the annihilation and creation op-
erators of the cavity mode with frequency ωc, and Q
and P are, respectively, the dimensionless position and
momentum operators of the movable mirror with fre-
quency ωm. Here, the dimensionless position Q and
momentum P are defined by Q = (B† + B)/
√
2 and
3P = i(B† − B)/√2 where B and B† are, respectively,
the annihilation and creation operators of the mechanical
mode with frequency ωm. Here, q and p are the position
and momentum of the membrane, respectively. g0 is the
single-photon quadratic coupling strength and λ/2 is the
amplitude of the driving field. The second term in Hc
corresponds to the OPA of the system.
In the rotating reference frame defined by U1 =
exp (−iωLtA†A) the Hamiltonian H0 can be rewritten
as
H0 = ∆cA
†A+
λ
2
(e−iφLA†2 + eiφLA2) +
ωm
2
(Q2 + P 2)
+2g0A
†AQ2, (5)
where ∆c = ωc − ωL. We first diagonalize the Hamil-
tonian HC = ∆cA
†A + λ2 (e
−iφLA†2 + eiφLA2) using
the squeezing transformation [8, 25] defined by A =
cosh(r)A˜ − e−iφL sinh(r)A˜†. Then, the Hamiltonian Hc
is transformed into
H˜c = ∆˜cA˜
†A˜, (6)
with ∆˜c =
√
∆2c − λ2 = ∆c
√
1− η2 and r = 14 ln(1+η1−η ).
Here, we set λ = η∆c and assume η < 1. In the following,
we choose φL = pi. The quadratic coupling term HI =
2g0A
†AQ2 can be transformed into
H˜I = [2gsA˜
†A˜+ gp(A˜
†2 + A˜2) + 2gm]Q
2, (7)
with gs = g0 cosh(2r), gp = g0 sinh(2r), and gm =
g0 sinh
2(r). The last term in the above equation, 2gmQ
2,
changes the frequency of the mechanical mode. If the
optomechanical coupling is linear with H ′I = g0A
†AQ,
then the interaction Hamiltonian is transformed into
H˜I = [2gsA˜†A˜ + gp(A˜
†2 + A˜2) + 2gm]Q. Thus, a force
is introduced by the parametric amplification. In fact,
in Ref. [25], a constant force F is applied on the me-
chanical mode to cancel the term 2gmQ. However, for
the quadratic coupling case in the present work, the con-
stant force F is not necessary.
The Hamiltonian after the squeezing transformation is
transformed into
H˜0 = ∆˜cA˜
†A˜+
ω˜m
2
(Q2 + P 2) + 2g˜sA˜
†A˜Q2
+g˜p(A˜
†2 + A˜2)Q2, (8)
where ω˜m = ωm
√
1 + 4g0 sinh
2(r)/ωm, g˜s = (ωm/ω˜m)gs,
and g˜p = (ωm/ω˜m)gp. It is worth noting that the para-
metric interaction of the above equation can be adjusted
be parameters ∆c and η. In particular, if ∆˜c ≫ gp, ω˜m,
then we can safely neglect all terms that oscillate with
very high frequencies 2∆˜c±2ω˜m. Using the rotating wave
approximation, we obtain a standard quadratic optome-
chanical Hamiltonian
H˜0 = ∆˜cA˜
†A˜+
ω˜m
2
(Q2 + P 2) + 2g˜sA˜
†A˜Q2. (9)
Several observations can be made about the above
Hamiltonian. First, the effective detuning ∆˜c =
∆c
√
1− η2 is determined by the detuning ∆c and
paramter η. The pump field on the nonlinear media
changes the frequency of the mechanical mode since
ω˜m = ωm
√
1 + 4g0 sinh(r)2/ωm. In optomechanical sys-
tems, the single-photon coupling strength is much smaller
than the frequency of mechanical mode, i.e., g0 ≪ ωm.
In addition, in the present work, we choose η < 0.9999.
Thus, 4g0 sinh
2(r)/ωm ≪ 1, ω˜m ≈ ωm, g˜p ≈ gp, and
g˜s ≈ gs. Second, the effective coupling constant gs could
be much larger than the single-photon quadratic coupling
constant g0, that is, gs = g0 cosh(2r) = g0/
√
1− η2 ≫ g0
if we choose η → 1 (we assume η < 1). Thus, the
quadratic coupling strength can be significantly enhanced
as we expected. In addition, if we apply a strong driving
field on the cavity, the quadratic coupling strength can
be amplified further as we will see later. Finally, detuned
parametric drives have been employed in optomechanical
systems in experiments [57, 58]. Therefore, the present
proposal can be implemented with current available op-
tomechanical technology.
B. Strong optical driving field
In order to enhance quadratic coupling constant fur-
ther, we apply a strong driving field on the cavity with
the Hamiltonian
Hopt−dri = Ω(e
−iωLtA† + eiωLtA), (10)
where Ω and ωL are the amplitude and frequency of the
strong optical driving field, respectively. In the rotating
reference frame with U1 = exp(−iωLtA†A) as in Eq.(5),
Hopt−dri can be rewritten as
Hopt−dri = Ω(A
† +A). (11)
After the squeezing transformation A = cosh(r)A˜ −
e−iφL sinh(r)A˜† with φL = pi, the above Hamiltonian is
transformed into
H˜opt−dri = Ω˜(A˜
† + A˜), (12)
with Ω˜ = Ωer. This implies the amplitude of the optical
driving field can be amplified exponentially.
C. Effective Hamiltonian
Suppose the mechanical mode is driven by a field with
Hamiltonian
Hmec−dri = 2
√
2E cos (ωdt)Q, (13)
where E and ωd are the amplitude and frequency of the
mechanical driving field, respectively.
4Combining Eqs.(9), (12), and (13), we obtain the total
Hamiltonian
H˜tot = ∆˜cA˜
†A˜+
ω˜m
2
(Q2 + P 2) + 2g˜sA˜†A˜Q
2
+Ω˜(A˜† + A˜) + 2
√
2E cos (ωdt)Q. (14)
Using the standard linearization procedure of cavity op-
tomechanical systems, we can replace all operators as
O → Os + δO, where Os is the steady state mean value
of operator O and δO is a small quantum fluctuations.
More precisely, A˜→ A˜s+a, Q→ Qs+q, and P → Ps+p.
Similar to Refs. [50, 51], we have Qs = Ps = 0 and
A˜s = −2iΩ˜/(κ + 2i∆˜c). The Hamiltonian can be ex-
pressed as
H˜ ′tot = ∆˜ca
†a+ ω˜mb
†b+ g˜s(|A˜s|2 + a†a)(b† + b)2
+g˜s(A˜sa
† + A˜∗sa)(b
† + b)2
+2E cos(ωdt)(b
† + b). (15)
Here, we have used q ≡ (b†+b)/√2 and p ≡ i(b†−b)/√2.
We assume the optical driving field is strong enough so
that |A˜s|2 ≫ 〈a†a〉 and g˜sa†a(b† + b)2 can be neglected
safely. Without loss of generality, we assume A˜s to be
real throughout this paper.
In the rotating frame defined by U2 =
exp [−iωdt(2a†a+ b†b)], under the rotating wave
approximation by safely neglected all terms oscillating
with high frequencies ±2ωd and ±4ωd, the effective
Hamiltonian is
H˜eff = ∆aa
†a+∆bb
†b+ geff (a
†b2 + ab†2)
+E(b† + b), (16)
where ∆a = ∆˜c − 2ωd = ∆c
√
1− η2 − 2ωd, ∆b =
ωm,eff − ωd = (ω˜m + 2g˜sA˜2s) − ωd. The effective cou-
pling strength is geff = g˜sA˜s ≈ gsA˜s = Atotg0. Here,
the total amplification of coupling strength Atot is
Atot = AOPAAopt−dri, (17)
AOPA = 1√
1− η2 , (18)
Aopt−dri = A˜s = −2iΩ˜/(κ+ 2i∆˜c). (19)
Some remarks must be made now. First, the total
amplification of the coupling strength between optical
mode and mechanical mode Atot is determined by two
amplifications. One amplification is introduced by the
OPA. The other is introduced by strong optical driving
field. Most importantly, Atot = AOPAAopt−dri and the
coupling constant can be remarkably increased which is
very useful in experiments. For instance, if A˜s = 1000
and η = 0.99, then the total amplification is more than
7000. We would like to point the effective coupling con-
stant geff could be larger than the decay rate of cav-
ity κ if we choose appropriate parameters η and A˜s.
Second, in the derivation of the effective Hamiltonian
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FIG. 1: The quantities geff/κ, ωm,eff/κ, ∆˜c/ω˜m, and ∆˜c/gp
are plotted as functions of g0/κ for η = 0.9 (red solid lines),
η = 0.99 (green dashed lines), and η = 0.999 (blue dash
dot lines). The parameters are ωm = 100κ and A˜s = 1000.
Throughout this work, we consider the resonant case with
∆a = 2∆b. If ωm, g0, η, and A˜s are given, then ∆c is deter-
mined by Eq.(20). Using the relation ∆˜c = ∆c
√
1− η2, we
can calculate ∆˜c. Note that we assume η < 1.
of Eq.(16), we have used the rotating wave approxima-
tion (∆˜c ≫ gp, ω˜m) and assumed the optical driving
field is strong enough (A˜2s ≫ 〈a†a〉). These conditions
are satisfied in the discussions of the following sections.
Third, in the present work, we consider the resonant case
∆a = 2∆b. Given ωm, g0, η, and A˜s, the resonant con-
dition can be satisfied by controlling ∆c with
∆c = [2
√
1− η2ω˜m + 4g0A˜2s]/(1− η2). (20)
In experiments, detuned parametric drives have been em-
ployed in optomechanical systems [57, 58]. Therefore, the
present proposal can be implemented with current avail-
able optomechanical technology. Finally, the mechanical
driving field is used to control the second-order corre-
lations, squeezing, and stationary entanglement of the
model. If the mechanical driving filed is weak, there
are photon blockade and phonon blockade even when
the quadratic single-photon optomechanical coupling is
much smaller than the decay rate of cavity. The sub-
Poissionian window of time-delayed second-order corre-
lations can be controlled by the weak mechanical driving
field. If we increase the amplitude of the driving field,
then there are squeezing and stationary entanglement
which can also be tuned by the parameter E.
In Fig. 1, we plot the parameters geff/κ, ωm,eff/κ,
∆˜c/ω˜m, and ∆˜c/gp as functions of g0/κ for different val-
ues of η. From the upper left panel of this figure, we
see the effective coupling between optical and mechani-
cal modes can be significantly enhanced by the OPA and
strong optical driving field. In fact, geff could be larger
than the decay rate of cavity κ if we choose η and A˜s
5appropriately as we can see from the blue dash-dot line
of the upper left panel. When the cavity is driven by
a strong driving field, the effective frequency of the me-
chanical mode ωm,eff = ω˜m + 2gsA˜
2
s can be much larger
than the original mechanical frequency ωm as one can see
from the upper right panel of Fig. 1. The lower panels of
this figure show the conditions ∆˜c ≫ ω˜m, gp are satisfied
and the rotating wave approximation in the derivation of
Eq. (9) is valid.
III. SECOND-ORDER CORRELATIONS
In this section, we investigate the second-order corre-
lations using the effective Hamiltonian of Eq. (16). The
second-order correlations in the steady state (t→∞) are
defined as [2]
g(2)aa (τ) = 〈a†(t)a†(t+ τ)a(t+ τ)a(t)〉/n2a(t), (21)
g
(2)
bb (τ) = 〈b†(t)b†(t+ τ)b(t + τ)b(t)〉/n2b(t), (22)
g
(2)
ab (τ) = 〈a†(t)b†(t+ τ)b(t + τ)a(t)〉/[na(t)nb(t)], (23)
where na(t) = 〈a†(t)a(t)〉 and nb(t) = 〈b†(t)b(t)〉. Here,
without loss of generality, we assume τ ≥ 0. The equal-
time second-order correlation g
(2)
ij (0) > 1 (g
(2)
ij (0) <
1) corresponds to bunching (antibunching). The per-
fect photon or phonon blockade effect is observed when
g
(2)
ij (0) → 0. Physically, the absorbtion of a photon
changes the energy spectrum of an optomechanical sys-
tem and the mechanical oscillator is detuned from the
cavity. As a result, the probability of absorbing a second
photon is suppressed.
A. Equal-time correlations and photon and phonon
blockades
1. Analytical results
We first discuss the equal-time correlations in a trun-
cated Fock state basis. If the mechanical driving field is
not very strong, then the mean photon and phonon num-
bers are small. Thus, we can expand the wave function
of the whole system in the few-photon and few-phonon
subspace as
|Ψ(t)〉 = c00|00〉+ c01|01〉+ c02|02〉+ c10|10〉+ c03|03〉
+c11|11〉+ c04|04〉+ c12|12〉+ c20|20〉, (24)
where |nm〉 ≡ |n〉photon ⊗ |m〉phonon. Note that the
coefficients should satisfy the conditions c00 ≫ c01 ≫
c02, c10 ≫ c03, c11 ≫ c04, c12, c20 and c00 ≈ 1
The dissipations of cavity and mechanical modes can
be taken into accounted by an effective non-Hermitian
Hamiltonian
H˜ ′eff = H˜eff − i
κ
2
a†a− iγ
2
b†b, (25)
where κ and γ are decay rates of cavity and mechan-
ical modes, respectively. Substituting the wave func-
tion |Ψ(t)〉 into the Schro¨dinger equation d|Ψ(t)〉
dt
=
−iH˜ ′eff |Ψ(t)〉 with the non-Hermitian Hamiltonian in
Eq.(25) and ∆a = ∆b = 0, we obtain the equation of
motion for coefficients cij . If we take
dcij
dt
= 0, then the
steady state values of coefficients can be obtained. We
do not write out them explicitly here since they are too
long.
In the case of c00 ≫ c01 ≫ c02, c10 ≫ c03, c11 ≫
c04, c12, c20 and c00 ≈ 1, the equal-time second-order cor-
relations are
g(2)aa (0) ≈
2|c20|2
|c10|4 ≈
γ2(4g2eff + κγ)
2(−8g2eff + κ2 + 3κγ + 2γ2)2
[8g2eff + γ(κ+ γ)]
2[κγ(κ+ 2γ) + 4g2eff (3κ+ 2γ)]
2
, (26)
g
(2)
bb (0) ≈
2|c02|2
|c01|4 ≈
κ2γ2
(4g2eff + κγ)
2
, (27)
g
(2)
ab (0) ≈
|c11|2
|c01c10|2 ≈
γ2(κ+ γ)2
[8g2eff + γ(κ+ γ)]
2
. (28)
In Fig. 2, we plot the analytical results (dashed lines) from Eqs. (26-28) and numerical results (solid lines)
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FIG. 2: Equal-time second-order correlations as functions of
g0/κ are plotted for analytical results calculated using Eqs.
(26-28) (dashed lines) and numerical results by solving Eq.
(30) (solid lines). The parameters are ωm = 100κ, γ =
0.1κ,∆a = ∆b = 0, E = 0.05κ, η = 0, A˜s = 500, Nth = 10
−4.
by solving the master equation of Eq.(30). From these
equations, we find g
(2)
bb (0) and g
(2)
ab (t) decrease with the
increase of g0. However, for g
(2)
aa (0), the situation is
different. There is a minimal value of g
(2)
aa (0) and the
corresponding effective coupling constant is denoted by
geff,opt. From Eq.(26), we see the optimal effective cou-
pling geff,opt is
geff,opt ≡ A˜s√
1− η2 g0 =
√
κ2 + 3κγ + 2γ2
8
. (29)
This is consistent with the numerical results as one can
see from Fig. 2. In the following, we solve the master
equation of Eq. (30) numerically.
2. Numerical results
As we have pointed out previously, the quadratic cou-
pling strength and the thermal noise of squeezed cav-
ity mode can be increased simultaneously. Therefore, a
squeezed vacuum field must be introduced to suppress
the thermal noise of the squeezed cavity mode com-
pletely [25]. The present system can also be investi-
gated by numerically solving the following master equa-
tion [25, 51, 56]
dρ
dt
= −i[H˜eff , ρ] + κL[a]ρ
+γ(Nth + 1)L[b]ρ+ γNthL[b
†]ρ, (30)
where Nth is the mean thermal phonon number and
L[O]ρ = OρO† − 12 (O†Oρ+ ρO†O).
In the following, the density matrices of steady state
are obtained by solving the master equation numeri-
cally. Then, we calculate equal-time second-order cor-
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FIG. 3: Equal-time second-order correlations g
(2)
ij (0) versus
g0/κ for η = 0(upper panel), η = 0.9(middle panel), and
η = 0.99(lower panel). g
(2)
aa (0), g
(2)
bb (0), and g
(2)
ab (0) are rep-
resented by red solid, green dashed, and blue dash-dot lines,
respectively. The parameters are ωm = 100κ, γ = 0.1κ,∆a =
∆b = 0, E = 0.05κ, A˜s = 1000, Nth = 10
−4.
−10.0 −7.5 −5.0 −2.5 0.0 2.5 5.0 7.5 10.0
10−1
100
g
2 ij
(0
)
−10.0 −7.5 −5.0 −2.5 0.0 2.5 5.0 7.5 10.0
10−5
10−3
10−110
0
g
2 ij
(0
)
−10.0 −7.5 −5.0 −2.5 0.0 2.5 5.0 7.5 10.0
ΔbΔκ
10−5
10−3
10−110
0
g
2 ij
(0
)
FIG. 4: Equal-time second-order correlations g
(2)
ij (0) versus
∆b/κ for η = 0(upper panel), η = 0.9(middle panel), and
η = 0.99(lower panel). g
(2)
aa (0), g
(2)
bb (0), and g
(2)
ab (0) are rep-
resented by red solid, green dashed, and blue dash-dot lines,
respectively. The parameters are ωm = 100κ, g0 = 10
−4κ, γ =
0.1κ,∆a = 2∆b, E = 0.05κ, A˜s = 1000, Nth = 10
−4.
relations using the density matrices. The numerical re-
sults are plotted as functions of g0/κ in Fig.2 (see solid
lines of this figure). As one can clearly see from Fig.2,
there are photon blockade and phonon blockade even
when the single-photon quadratic coupling g0 is much
smaller than the decay rate of the cavity κ. In ad-
7dition, we find there is photon-phonon blockade, i.e.,
g
(2)
ab (0) ≪ 1 if g0 > 10−3κ (see blue lines). This implies
that the photons and phonons are strongly anticorrelated
even for weak quadratic coupling g0. This effect can be
used to realize the photon-controlled-phonon (or phonon-
controlled-photon) manipulation with current quantum
technologies [56].
In order to see the influence of η on the second-order
correlations more clearly, we plot equal-time correlations
as functions of g0/κ for different values of η in Fig.3.
Fixed other parameters, the effective coupling strength
A˜s√
1−η2
g0 increases with η (we assume η < 1 in this
paper). Consequently, the second-order correlations de-
creases with the increase of η. For instance, if g0 = 10
−4κ
and η = 0, then g
(2)
ij (0) (ij = aa, bb, ab) are about 1
and there are no photon and phonon blockades. How-
ever, in the lower panel of this figure, we see g
(2)
ij (0)
(ij = aa, bb, ab) can be less than 10−3 if η = 0.99
even when the original single-photon coupling g0 is much
smaller than κ (g0 = 10
−4κ).
In Fig. 4, we plot the equal-time correlations as func-
tions of ∆b for η = 0(upper panel), η = 0.9 (middle
panel), and η = 0.99 (lower panel). If the nonlinear
media are not pumped (η = 0), the equal-time corre-
lations are larger than 1 for most detuning ∆b, that is,
the photons and phonons are bunching. However, if we
increase η, the equal-time correlations can be remark-
ably decreased, and there are photon and phonon block-
ades simultaneously. The detuning range of phonton and
phonon antibunching can be extended by adjusting η.
The photons and phonons are also strongly anticorre-
lated as one can see from the blue dash-dot lines in the
middle and lower panels.
The influence of the mean thermal phonon number Nth
on the second-order correlations is displayed in Fig. 5.
One can clearly see from Fig. 5 that g
(2)
ij (0) increases
with Nth. For example, the correlation of the mechanical
mode g
(2)
bb (0) is larger than 1 for Nth > 0.2. On the other
hand, if the nonlinear media are pumped with amplitude
η = 0.9 then g
(2)
bb (0) can be decreased remarkably.
In Fig. 6, we display the influence of the amplitude of
the driving field applied on the nonlinear media η on the
steady-state mean thermal phonon number nb,ss. As we
expected, nb,ss decreases with the increase of parameter
η.
B. Time-delayed correlations and sub-Poissionian
window
As we have mentioned previously, the UPB scheme was
proposed to implement the photon blockade effect even
when the nonlinear energy shifts and driving field are
both small [14]. But, there is one obstacle in the original
UPB scheme. In fact, in the original UPB, in order to en-
ter the single-photon regime defined by g(2)(τ) < 0.5, the
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FIG. 5: Equal-time second-order correlations g
(2)
ij (0) versus
Nth for η = 0 (upper panel) and η = 0.9 (lower panel).
g
(2)
aa (0), g
(2)
bb (0), and g
(2)
ab (0) are represented by red solid, green
dashed, and blue dash-dot lines, respectively. The parame-
ters are ωm = 100κ, g0 = 10
−4κ, γ = 0.1κ,∆a = ∆b = 0, E =
0.05κ, A˜s = 1000.
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FIG. 6: Mean phonon number nb,ss versus ∆b/κ for η = 0
(red solid line), η = 0.9 (green dashed line), and η = 0.99
(blued dash-dot line). The parameters are ωm = 100κ, g0 =
10−4κ, γ = 0.1κ,∆a = 2∆b, E = 0.01κ, A˜s = 1000, Nth = 0.1.
delayed time τ must be smaller than the cavity lifetime
1/κ [14–19]. Thus, it is difficult to enter the single-photon
regime in experiments since the sub-Poissionian window
of the UPB scheme is very small. In Ref. [19], this obsta-
cle was overcome by employing a mutual driving of the
modes and a mixing of the output.
Here, we overcome this obstacle by using a mechan-
ical driving field as we can see from Fig. 7. The sub-
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FIG. 7: Time-delayed second-order correlations g
(2)
ij (τ ) versus
κτ for E = 0.03κ(red solid lines), E = 0.06κ(green dashed
lines), and E = 0.1κ(blue dash-dot lines). The parameters are
ωm = 100κ, g0 = 10
−4κ, γ = 0.1κ,∆a = 2∆b, η = 0.9, A˜s =
1000, Nth = 10
−4.
Poissionian windows of time-delayed second-order corre-
lations g
(2)
ij (τ) (ij = aa, bb, ab) can be controlled by the
amplitude of mechanical driving field E. In the case of
E = 0.03κ, the sub-Poissionian window could be more
than 10/τ (see red solid lines of Fig. 7).
IV. SQUEEZING
We now turn to study the squeezing of the optical and
mechanical modes. Optomechanical systems are useful in
highly sensitive measurement of minuscule displacement.
They are used to probe quantum behavior of macroscopic
objects when mechanical oscillators can be cooled down
to their quantum ground state [2]. In order to cool me-
chanical oscillators down to their quantum ground state,
the frequency of mechanical oscillators must be larger
than decay rates of cavities [2].
Squeezing of a mechanical mode plays an essential role
in high precision measurements of position and force of
an oscillator since the noise of one quadrature could be
less than that of a coherent state. The quadratures Xa
and Ya of a field with annihilation operator a are defined
by [23]
Xa =
a+ a†
2
, Ya =
a− a†
2i
. (31)
The criterion for nonclassical properties of the field is
given by
(∆Xa)
2 = 〈X2a〉 − 〈Xa〉2 <
1
4
, (32)
(∆Ya)
2 = 〈Y 2a 〉 − 〈Ya〉2 <
1
4
. (33)
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FIG. 8: (∆Xa)
2
≈ (∆Ya)
2
≈ 0.25 (red solid lines), (∆Xb)
2
(green solid lines), (∆Yb)
2 (green dashed lines), (∆Xab)
2 (blue
lines), and (∆Yab)
2 (blue dashed lines) versus detuning ∆b
for η = 0 (upper panel), η = 0.99 (middle panel), and η =
0.999 (lower panel). The parameters are ωm = 100κ, g0 =
10−4κ, γ = 0.1κ,∆a = 2∆b, E = 0.3κ, A˜s = 1000, Nth =
10−4.
The intermodal quadrature operators are defined by
Xab = (a+ a
† + b+ b†)/(2
√
2), (34)
Yab = (a− a† + b− b†)/(2i
√
2), (35)
and the intermodal squeezing criterion is
(∆Xab)
2 = 〈X2ab〉 − 〈Xab〉2 <
1
4
, (36)
(∆Yab)
2 = 〈Y 2ab〉 − 〈Yab〉2 <
1
4
. (37)
In Fig. 8, we plot the squeezing of the present model
for different values of η. From the upper panel, we see
there are single mode squeezing and intermodal squeez-
ing only for a small range of detuning ∆b if there are no
nonlinear media. If the nonlinear media are put into the
cavity and pumped by a laser, then the detunig range
of squeezing can be significantly increased as one can
clearly see from the middle and lower panels in Fig.8.
For high precision measurements of position, it is cru-
cial to decrease the quantum fluctuations of position.
The squeezing parameters (∆Xb)
2 and (∆Yb)
2 are pro-
portional to the quantum fluctuations of position and
momentum. From the middle and lower panels of Fig.8,
we find (∆Xb)
2 < 0.25 for a large range of detuning
∆b which implies the existence of single mode squeezing.
In addition, there is intermodal squeezing in the present
model.
9V. STATIONARY STATE ENTANGLEMENT
In this section, we investigate the steady-state entan-
glement of the system using two criteria proposed by by
Duan et al. [59], and Hillery and Zubairy [60]. For any
bipartite continuous variable systems, the criterion sug-
gested by Duan et al. is [59]
Dab = 4(∆Xab)2 + 4(∆Yab)2 − 2 < 0, (38)
where (∆Xab)
2 and (∆Yab)
2 are defined in Eqs. (36) and
(37). Note that this criterion is sufficient only for a non-
Gaussian state. IfDab < 0, then we can conclude that the
non-Gaussian state is entangled. However, if Dab ≥ 0, we
are not sure whether it is entangled or not. We would
like to point out that squeezing can occur at a given
time only in one quadrature. Therefore, the presence of
the squeezing of a bipartite system in general does not
guarantee that the bipartite system is entangled.
The other criterion of entanglement for bipartite con-
tinuous variable systems was suggested by Hillery and
Zubairy in Ref. [60]
E1,ab = 〈a†ab†b〉 − |〈ab†〉|2 < 0, (39)
E2,ab = 〈a†a〉〈b†b〉 − |〈ab〉|2 < 0. (40)
In Fig.9, the two criteria proposed by Duan et.al, and
Hillery and Zubairy are plotted as functions of detun-
ing ∆b for different values of η. In the absence of the
nonlinear media, Dab, E1,ab, and E2,ab are always non-
negative. The situation is very different if the nonlinear
media are put into the cavity and pumped by a laser.
For example, in the middle panel, E1,ab could be negative
for |∆b|/κ < 5. This implies the cavity and oscillator
are entangled at steady state. The detuning range ∆b of
entanglement can be extended by increasing η as one can
see from the lower panel of Fig.9. In particular, we find
the Duan’s criterion Dab fails to detect entanglement,
while the criterion proposed by Hillery and Zubairy E1,ab
can detect the entanglement of the present model.
VI. CONCLUSION
In the present work, we have proposed a scheme to
significantly increase the quadratic coupling strength of
quadratic optomechanics via nonlinear medium and two
lasers. The nonlinear media are pumped by a laser and
the optical cavity is pumped by a strong field. We first
derived an effective Hamiltonian of the present system by
employing the rotating wave approximation and squeez-
ing transformation. Particularly, the total amplification
of the quadratic coupling strength is determined by two
amplifications. The first amplification is introduced by
the OPA pumped by a laser. The second amplification
is introduced by the strong optical driving field. We find
the quadratic optomechanical coupling constant can be
larger than the decay rate of cavity. This allows us to
observe interesting quantum effects such as photon and
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FIG. 9: Entanglement criteria Dab (red solid lines), E1,ab
(green dashed lines), and E2,ab (blue dash-dot lines) versus
detuning ∆b for η = 0 (upper panel), η = 0.997 (middle
panel), and η = 0.999 (lower panel). The parameters are
ωm = 100κ, g0 = 3 × 10
−4κ, γ = 0.1κ,∆a = 2∆b, E =
2κ, A˜s = 1000, Nth = 10
−4.
phonon blockades, single-mode and intermodal squeez-
ing, and stationary state entanglement of the optical
mode and mechanical mode in quadratic optomechanics
with currenttly available optomechanical technology.
Then, we applied a driving field on the mechanical
mode and studied the photon blockade and phonon block-
ade effects. Our results show that there are photon,
phonon, and photon-phonon blockades even when the
original quadratic coupling strength is much smaller than
the decay rate of cavity. The sub-Poissionian window of
time-delayed second-order correlations can be adjusted
by the weak mechanical driving field. If we increased the
mechanical driving field, there are single mode squeezing
and intermodal squeezing. The range of squeezing could
be tuned by the driving field applied on the nonlinear
media. In addition, there is stationary state entangle-
ment between optical and mechanical modes which can
be controlled by the driving field of the nonlinear media.
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